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We onsider a mehanism of spin deay for an eletron spin in a quantum dot due to oupling
to a nearby quantum point ontat (QPC) with and without an applied bias voltage. The oupling
of spin to harge is indued by the spin-orbit interation in the presene of a magneti eld. We
perform a mirosopi alulation of the eetive Hamiltonian oupling onstants to obtain the
QPC-indued spin relaxation and deoherene rates in a realisti system. This rate is shown to
be proportional to the shot noise of the QPC in the regime of large bias voltage and sales as a−6
where a is the distane between the quantum dot and the QPC. We nd that, for some spei
orientations of the setup with respet to the rystallographi axes, the QPC-indued spin relaxation
and deoherene rates vanish, while the harge sensitivity of the QPC is not hanged. This result
an be used in experiments to minimize QPC-indued spin deay in read-out shemes.
PACS numbers:
I. INTRODUCTION
Reent progress in nanotehnology has enabled aess
to the eletron spin in semiondutors in unpreedented
ways,
13
with the eletron spin in quantum dots being
a promising andidate for a qubit due to the potentially
long deoherene time of the spin.
4,5
Full understand-
ing of the deoherene proesses of the eletron spin is
thus ruial. On the other hand, as a part of a quan-
tum omputer, read-out systems play an essential role in
determining the nal result of a quantum omputation.
However, read-out devies, in general, aet the spin
state of the system in an undesired way. Quantum point
ontats (QPCs) whih are used as harge detetors,
6
in
partiular, ouple to the spin via the spin-orbit intera-
tion. For small GaAs quantum dots, the spin-orbit length
(λSO ≈ 8 µm) is muh larger than the dot size (λd ≈ 50
nm) and thus the spin-orbit interation presents a small
perturbation. Nevertheless, we will see that shot noise in
the QPC an indue an appreiable spin deay via this
weak spin-orbit oupling.
Quite remarkably, the number of eletrons in quantum
dots an be tuned starting from zero.
710
More reently,
Zeeman levels have been resolved
11
and the spin relax-
ation time (T1) has been measured, yielding times of the
order of milliseonds in the presene of an in-plane mag-
neti eld of 8 T.12,13 In these experiments, based on
spin-harge onversion,
4
use is made of a QPC loated
near the quantum dot as a sensitive harge detetor to
monitor hanges of the number of eletrons in the dot.
The shot noise in the QPC aets the eletron harge
in the quantum dot via the Coulomb interation,
6,14
and
therefore, it an ouple to the eletron spin as well, via
the spin-orbit interation. While harge relaxation and
deoherene in a quantum dot due to a nearby funtion-
ing QPC have been studied before,
15,16
we show here that
the same harge utuations in the QPC introdue spin
deay via spin-orbit and Zeeman interations. Note that
several read-out shemes utilizing a QPC have been on-
sidered before
17
in the ontext of the spin qubit. How-
ever, in Ref. 17 the QPC was used for harge read-out,
while the spin state of the qubit was onverted into the
harge state of a referene dot.
4
Reently, a dierent
read-out sheme has been implemented,
12
in whih the
referene dot was replaed by a Fermi lead and the QPC
was oupled diretly to the spin qubit.
The eet of spin-orbit interation on spin relaxation
and deoherene was onsidered in Ref. 18. There, it was
shown that the deoherene time T2 due to spin-orbit in-
teration approahes its upper bound,
18
i.e. T2 = 2T1,
determined by spin-ip proesses.
18,19
Measurements of
T1 have been performed on spins in eletrostatially on-
ned (lateral) quantum dots
12
(T1 ≃ 0.85ms) and self-
assembled quantum dots
20
(T1 ≃ 20ms). The measured
spin relaxation times T1 in both ases agree well with
the theory in Refs. 18 and 19. In addition to the spin-
orbit interation, the hyperne interation plays an im-
portant role in quantum dots.
2131
Measurements of the
spin deoherene time T2 have reently been performed
in a self-assembled quantum dot
28
(T ∗2 ≃ 16 ns) as well
as in a double-dot setup for singlet-triplet deoherene
(T2 ≃ 10µs).31 Finally we note that a number of alter-
native shemes to measure the deoherene time of the
eletron spin in quantum dots have been proposed.
3234
Motivated by these reent experiments, we study here
the eet of the QPC on spin relaxation and deoherene
in the quantum dot. For this, we rst derive an eetive
Hamiltonian for the spin dynamis in the quantum
dot and nd a transverse (with respet to the external
magneti eld) utuating magneti eld. We alulate
mirosopially the oupling onstants of the eetive
Hamiltonian by modeling the QPC as a one-dimensional
hannel with a tunnel barrier. We show that this
read-out system speeds up the spin deay and derive
an expression for the spin relaxation time T1. However,
there are some regimes in whih this eet vanishes, in
the rst order of spin-orbit interation. The relaxation
time will turn out to be strongly dependent on the QPC
orientation on the substrate, the distane between the
QPC and the quantum dot, the diretion of the applied
2magneti eld, the Zeeman splitting EZ , the QPC
transmission oeient T , and the sreening length λsc
(see Fig. 1). Although this eet is, generally, not larger
than other spin deay mehanisms (e.g. oupling of spin
to phonons
18
or nulear spins
27
), it is still measurable
with the urrent setups under ertain onditions. The
following results ould be of interest to experimentalists
to minimize spin deay indued by QPC-based harge
detetors.
The paper is organized as follows. In Setion II
we introdue our model for a quantum dot oupled
to a quantum point ontat and the orresponding
Hamiltonian. Setion III is devoted to the derivation
of the eetive Hamiltonian for the eletron spin in
the quantum dot. In Setion IV we derive mirosopi
expressions for the oupling onstants of the eetive
Hamiltonian and disuss dierent regimes of interest.
Finally, in Setion V, we alulate the eletron spin
relaxation time T1 due to the QPC and make numerial
preditions for typial lateral quantum dots.
II. THE MODEL
We onsider an eletron in a quantum dot and a nearby
funtioning quantum point ontat (QPC), see Fig. 1,
embedded in a two-dimensional eletron gas (2DEG).
We model the QPC as a one-dimensional wire oupled
via the Coulomb interation to the eletron in the quan-
tum dot. We also assume that there is only one ele-
tron inside the dot, whih is feasible experimentally.
712
The Hamiltonian desribing this oupled system reads
H = Hd +HZ +HSO +HQ +HQd, where
Hd =
p2
2m∗
+ U(r), (1)
HZ =
1
2
gµBB · σ = 1
2
EZn · σ, (2)
HSO = β(−pxσx + pyσy) + α(pxσy − pyσx), (3)
HQ =
∑
lkσ
ǫkC¯
†
lkσC¯lkσ , (4)
HQd =
∑
ll′kk′σ
ηll′(r)C¯
†
lkσC¯l′k′σ. (5)
Here, Q refers to the QPC and d to the dot, p =
−i~∇ + (e/c)A(r) is the eletron 2D momentum, U(r)
is the lateral onning potential, with r = (x, y), m∗ is
the eetive mass of the eletron, and σ are the Pauli
matries. The 2DEG is perpendiular to the z dire-
tion. The spin-orbit Hamiltonian HSO in Eq.(3) inludes
both Rashba
35
spin-orbit oupling (α), due to asymme-
try of the quantum well prole in the z diretion, and
Dresselhaus
36
spin-orbit ouplings (β), due to the inver-
sion asymmetry of the GaAs lattie. The Zeeman inter-
ation HZ in Eq. (2) introdues a spin quantization axis
along n = B/B = (cosϕ sinϑ, sinϕ sinϑ, cosϑ). The
1
θ (1)
1
x′ (1)
1
y′ (1)
2 λsc
a
Y
I
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L R
1
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FIG. 1: Shemati of the quantum dot (QD) oupled to a
QPC. The (X,Y ) frame gives the setup orientation, left (L)
and right (R) leads, with respet to the rystallographi dire-
tions x′ ≡ [110] and y′ ≡ [1¯10]. The dot has a radius λd and is
loated at a distane a from the QPC. The vetor R desribes
the QPC eletrons and r refers to the oordinate of the ele-
tron in the dot. The noise of the QPC urrent I perturbs the
eletron spin on the dot via the spin-orbit interation.
QPC onsists of two Fermi liquid leads oupled via a
tunnel barrier and is desribed by the Hamiltonian HQ,
where C¯†lkσ , with l = L,R, reates an eletron inident
from lead l, with wave vetor k and spin σ. We use the
overbar on, e.g., C¯lkσ to denote the sattering states in
the absene of eletron on the dot. The HamiltonianHQd
in Eq. (5) desribes the oupling between the quantum
dot eletron and the QPC eletrons. We assume that the
oupling is given by the sreened Coulomb interation,
ηll′(r) = 〈lk| e
2
κ|r −R| δ˜(R− a)|l
′k′〉, (6)
where R = (X,Y ) is the oordinate of the eletron in the
QPC and κ is the dieletri onstant. The Coulomb in-
teration is modulated by a dimensionless sreening fa-
tor δ˜(R− a),42 where a = (0, a) gives the QPC position
(see Fig. 1). The quantum dot eletron interats with
the QPC eletrons mostly at the tunnel barrier; away
from the tunnel barrier the interation is sreened due to
a large onentration of eletrons in the leads. For the
sreening fator we assume, in general, a funtion whih
is peaked at the QPC and has a width 2λsc (see Fig. 1).
Note that λsc is generally dierent from the sreening
length in the 2DEG and depends strongly on the QPC
geometry and size. Generally, ηll′ are k-dependent, how-
ever, their k-dependene turns out to be weak and will
be disussed later.
III. THE EFFECTIVE HAMILTONIAN
The quantum dot eletron spin ouples to harge
utuations in the QPC via the spin-orbit Hamil-
tonian (3). The harge utuations are aused by
3eletrons passing through the QPC. To derive an
eetive Hamiltonian for the oupling of spin to
harge utuations, we perform a Shrieer-Wol
transformation,
37 H˜ = exp(S)H exp(−S), and remove
the spin-orbit Hamiltonian in leading order. We thus
require that [Hd +HZ , S] = HSO, under the ondition
λd ≪ λSO, where λd is the quantum dot size and
λSO = ~/m
∗(|β|+ |α|) is the minimum spin-orbit length.
The transformed Hamiltonian is then given by
H˜ = Hd +HZ +HQ +HQd + [S,HQd] , (7)
S =
1
Ld + LZ
HSO =
1
Ld
∞∑
m=0
(
−LZ 1
Ld
)m
HSO, (8)
HSO = iLd(σ · ξ), (9)
where L is Liouville superoperator for a given Hamilto-
nian dened by LA ≡ [H,A] and ξ is a vetor in the
2DEG plane and has a simple form in the oordinate
frame x′ = (x+ y)/
√
2, y′ = (y− x)/√2, z′ = z, namely,
ξ = (y′/λ−, x
′/λ+, 0), where λ± = ~/m
∗(β ± α) are
the spin-orbit lengths. For a harmoni dot onnement
U(r) = 12m
∗ω20r
2
, we have
1
Ld
x =
−i
~m∗ω20
(
px +
eBz
c
y
)
, (10)
1
Ld
y =
−i
~m∗ω20
(
py − eBz
c
x
)
, (11)
1
Ld
pj =
im∗
~
rj , (j = x, y). (12)
In addition, we have the following relations for the Zee-
man Liouvillian
LmZ (σ·ξ) =
{
iEmZ [n× ξ] · σ, for odd m > 0
−EmZ [n× (n× ξ)] · σ, for even m > 0,
(13)
where EZ = gµBB is the Zeeman splitting. The last
term in Eq. (7) gives the oupling of the dot spin to the
QPC harge utuations. The transformation matrix S
(to rst order in spin-orbit interation) an be derived by
using the above relations (see Appendix A). We obtain
−iS = ξ · σ + [n× ξ1] · σ − [n× [n× ξ2]] · σ, (14)
ξ1 = ((α1py′ + α2x
′)/λ−, (α1px′ − α2y′)/λ+, 0) , (15)
ξ2 = ((β1px′ + β2y
′)/λ−, (−β1py′ + β2x′)/λ+, 0) , (16)
α1 =
~
m∗
EZ [E
2
Z − (~ω0)2]
(E2Z − E2+)(E2Z − E2−)
, (17)
α2 =
EZ~ωc(~ω0)
2
(E2Z − E2+)(E2Z − E2−)
, (18)
β1 =
~
m∗
E2Z~ωc
(E2Z − E2+)(E2Z − E2−)
, (19)
β2 = E
2
Z
(~ωc)
2 + (~ω0)
2 − E2Z
(E2Z − E2+)(E2Z − E2−)
, (20)
where E± = ~ω±~ωc/2, with ω =
√
ω20 + ω
2
c/4 and ωc =
eBz/m
∗c. Here, we assume E± − |EZ | ≫ |EZλd/λSO|,
whih ensures that the lowest two levels in the quantum
dot have spin nature. Below, we onsider low temper-
atures T and bias ∆µ, suh that T,∆µ ≪ E± − |EZ |,
(hene only the orbital ground state is populated so that
its Zeeman sublevels onstitute a two level system) and
average over the dot ground state in Eq. (7). We ob-
tain, using Eqs. (10)-(13), the following eetive spin
Hamiltonian
Heff =
1
2
gµB [B + δB(t)] · σ, (21)
and the eetive utuating magneti eld δB(t) is then
given by the operator
δB(t) = 2B × [Ω1(t) + n×Ω2(t)] , (22)
Ω1 =
e~2γ1
m∗
(
λ−1− Ey′ , λ−1+ Ex′ , 0
)
,
Ω2 =
e~2γ2
m∗
(−λ−1− Ex′ , λ−1+ Ey′ , 0) ,
γ1 =
m∗
~EZ
α1 =
E2Z − (~ω0)2
(E2+ − E2Z)(E2− − E2Z)
,
γ2 =
m∗
~EZ
β1 =
EZ~ωc
(E2+ − E2Z)(E2− − E2Z)
,
where we have gone to the interation piture with re-
spet to the lead Hamiltonian H ′Q = HQ + 〈HQd〉d
and omitted a spin-independent part. Note that the
oordinate-dependent part of S drops out and thus α2,
β2 do not enter. Here and below, we use 〈. . .〉d to denote
averaging over the dot ground state. Note that H ′Q de-
sribes the QPC, while it is eletrostatially inuened by
the quantum dot with one eletron in the ground state.
Obviously, H ′Q an be rewritten in the same form as HQ
in Eq. (4), but with a dierent sattering phase in the
sattering states. To denote the new sattering states,
we omit the overbar sign in our notations. We have in-
trodued an eetive eletri eld operator E(t) in the
interation piture,
37
E(t) =
1
e
〈∇HQd(t)〉d
=
∑
ll′kk′σ
εll′e
i(µl−µl′)t/~C†lkσ(t)Cl′k′σ(t), (23)
εll′ =
1
e
〈∇ηll′(r)〉d, (24)
where the fermioni operator Cl′k′σ orresponds to sat-
tering states in the leads with the dot being oupied
by one eletron (H ′Q is diagonal in Cl′k′σ). Here, µl,
l = L,R, are the hemial potentials of the left (L) and
right (R) leads, with ∆µ = µL − µR being the voltage
bias applied to the QPC driving a urrent I. Note that
in the absene of sreening (δ˜(R − a) = 1 in Eq. (6)),
E oinides with the eletri eld that the quantum dot
eletron exerts on the QPC eletrons.
As a rst result, we note that the utuating quantum
eld δB(t) is transverse with respet to the (lassial)
4applied magneti eldB (f. Ref. 18). The magneti eld
utuations originate here from orbital utuations that
ouple to the eletron spin via the spin-orbit interation.
The absene of time reversal symmetry, whih is removed
by the Zeeman interation, is ruial for this oupling.
We assume no utuations in the external magneti eld
B. In our model, the dot eletron spin ouples to a bath
of fermions, in ontrast to Ref. 18 where the bath (given
by phonons) was bosoni.
To alulate the oupling onstants εll′ in Eq. (23) , it
is onvenient to rst integrate over the oordinates of the
dot eletron. We thus obtain E(R) = E0(R)δ˜(R−a), see
Eq. (6), where R refers to the loation of the eletrons in
the QPC and the bare (unsreened) eletri eld is given
by
E0(R) =
e
κ
〈
R− r
|R− r|3
〉
d
=
eR
κR3
(
1 +
3
4
λ2d
R2
+ . . .
)
. (25)
Consequently, the oupling onstants in Eq. (23) read
εll′ = 〈lk|E(R)|l′k′〉, where |lk〉 denote the satter-
ing states in the leads. Here, we have assumed a
paraboli onnement for the eletron in the dot, set
the origin of oordinates in the dot enter (〈r〉d = 0)
and averaged with the dot wave funtion Ψd(r) =
exp
(−r2/2λ2d)/λd√π, whih is the ground state of the
eletron in a symmetri harmoni potential in two di-
mensions. While we hoose a very speial form for the
ground state wave funtion, this does not aet substan-
tially the nal result, i.e. the relaxation time T1. This
is beause any irularly symmetri wave funtion leads
to the same form for E0(R) exept that it just alters the
seond term in Eq. (25) whih is very small ompared
to the rst term (about one hundredth) and negligible.
An analogous argument applies to asymmetri wave fun-
tions.
IV. COUPLING CONSTANTS εll′
To proeed further, we onstrut the sattering states
out of the exat wave funtions of an eletron in the QPC
potential. While this is a generi method, we onsider for
simpliity a δ-potential tunnel barrier for the QPC,
V (X) =
~
2b
m∗
δ(X), (26)
where b gives the strength of the delta potential. Then,
the eletron wave funtions in the even and odd hannels
are given by
ψe(X) =
√
2
{
cos(kX + φ), X < 0,
cos(kX − φ), X > 0, (27)
ψo(X) =
√
2 sin kX, (28)
where φ = arctan(b/k), k =
√
2m∗E/~2 and, for on-
veniene, the sample length is set to unity. Note that
φ = π/2− δ, where δ ≡ δe − δo is the relative sattering
phase between the even (e) and odd (o) hannels. The
transmission oeient T through the QPC is related to
φ by T (k) = cos2 φ. We onstrut the sattering states
in the following way
(
ψLsc
ψRsc
)
= U
(
ψe
ψo
)
, U = −i√
2
(
eiδ −1
eiδ 1
)
. (29)
Up to a global phase, Eq. (29) is valid for any symmetri
tunnel barrier.
A. Three limiting ases
We alulate now the matrix elements of E(R) us-
ing the wave funtions (27) and (28). Three interesting
regimes are studied in the following.
(i) λsc ≪ k−1F ≪ a, where λsc is the sreening length
in the QPC leads and kF is the Fermi wave vetor. In
this ase, we set δ˜(R − a) = 2λscδ(X). By alulating
the matrix elements of ε with respet to the eigenstates
of the potential barrier, Eqs. (27) and (28), we obtain
εee = 4λscT E0(a), εoo = εeo = 0, (30)
where we used the odd and even eigenstates and∫
dY |Φ(Y )|2E(X,Y ) = E(X, a). Here, Φ(Y ) is the QPC
wave funtion in the transverse diretion with width
≪ λsc. Going to the Left-Right basis, Eq. (29), whih
is more suitable for studying transport phenomena, we
obtain (
εLL εLR
εRL εRR
)
=
1
2
εee
(
1 1
1 1
)
. (31)
Note that in this ase we have εll′ ∝ T , where l, l′ = L,R,
see Eqs. (30) and (31).
(ii) k−1F ≪ λsc ≪ a. In this ase, we set δ˜(R − a) =
Θ(X+λsc)−Θ(X−λsc), whereΘ(X) is the step funtion,
and we obtain in leading order in 1/kFλsc
εee = εoo =
2eλsc
κa2
(
1 +
3λ2d
4a2
− λ
2
sc
2a2
+ . . .
)
eY , (32)
εeo =
eλ2sc cos δ
κa3
(
1 +
3λ2d
4a2
− 3λ
2
sc
4a2
+ . . .
)
eX . (33)
In the above equations, eY is a unit vetor parallel to a
and eX is a unit vetor perpendiular to a (see Fig. 1).
Further, we assumed that ~vF∆k ≤ EZ ≪ ~vFλ−1sc ≪
EF , where ∆k = k − k′, vF is the Fermi veloity, and
EF = ~vFkF is the Fermi energy. Going as before to the
Left-Right basis, we obtain
(
εLL εLR
εRL εRR
)
=
(
εee − εeo cos δ iεeo sin δ
−iεeo sin δ εee + εeo cos δ
)
. (34)
Note that in this ase we have εLR ∝
√
T (1 − T ), see
Eqs. (33) and (34). Sine typially λsc & k
−1
F , we expet
5ase (ii) to desribe realisti setups. A more general ase,
k−1F , λsc ≪ a, is studied in Appendix B.
(iii) k−1F , a ≪ λsc. In this regime, we neglet the
sreening (δ˜(R − a) = 1 in Eq. (6)). Then, we obtain
the following expressions for the oupling onstants
εoe = εeo =
4ke
κ
{
K0(2ka) sin δ +
π
2
cos δ [I0(2ka)− L0(2ka)]
}
eX , (35)
εee =
2e
κ
{
1
a
− 2k cos(2δ)K1(2ka) + π
2
k sin(2δ)
[
2
π
− 2I1(2ka) + L1(2ka) + L−1(2ka)
]}
eY , (36)
εoo =
2e
κ
{
1
a
− 2kK1(2ka)
}
eY , (37)
where In and Kn are the modied Bessel funtions and
Ln is the modied Struve funtion. Here, we assumed
∆k ≪ a−1 ≪ λ−1sc .
Sine usually ka≫ 1, the k-dependene of the oupling
onstants in Eqs. (35)-(37) is suppressed. One an use
the following asymptoti expressions for a≫ k−1F ,
εoe = εeo ≈ 2e cos δ
κa
eX , (38)
εee ≈ εoo ≈ 2e
κa
eY . (39)
In this ase, the transformation to the Left-Right basis
is given in Eq. (34) and we obtain εLR ∝
√
T (1− T ) as
in ase (ii).
B. Consisteny hek
Next we would like to verify whether our model pre-
dits a realisti harge sensitivity of the QPC exploited in
reent experiments.
6,9,38
For this we estimate the hange
in transmission δT through the QPC due to adding an
eletron to the quantum dot. The oupling in Eq. (5)
(with oupling onstants ηll′ (r) given in Eq. (6)) is re-
sponsible for this transmission hange δT . It is onve-
nient to view this oupling as a potential δV (X) indued
by the dot eletron on the QPC. From Eq. (6), we obtain
δV (X) =
e2
κ
√
X2 + a2
δ˜(X), (40)
where we have integrated over the dot oordinates r =
(x, y) and the QPC oordinate Y , negleting terms
O(λ2d/a2). The sreening fator δ˜(X) is peaked around
X = 0 with a halfwidth λsc. We onsider two regimes.
(i) δV (X) is a smooth potential. In this regime,
~
2/m∗a¯2 ≪ δV (0)≪ EF , with a¯ = min(λsc, a) being the
width of δV (X). Therefore, the dot eletron provides a
onstant potential (like a bak gate) to the QPC, imply-
ing that δV (X) merely shifts the origin of energy for the
QPC eletrons by a onstant amount, δV (0). From the
geometry of the urrent experimental setups
6,9,38
it ap-
pears reasonable to assume that this is the regime whih
is experimentally realized. The transmission hange δT
an then be estimated as
δT ≈ −δV (0) ∂T (E)
∂E
∣∣∣∣
EF
= −δV (0)
EF
T (1 − T ), (41)
T (E) = cos2 φ = E
E + ~2b2/2m∗
, (42)
where T = T (E = EF ). By inserting typial numbers in
Eq. (41), i.e. T = 1/2, EF = 10meV, and δV (0) = e2/κa
[δ˜(0) = 1], with a = 200 nm and κ = 13, we obtain
δT /T ≈ 0.02, whih is onsistent with the QPC harge
sensitivity observed experimentally.
9
(ii) δV (X) is a sharp potential. In this regime, adding
an eletron onto the quantum dot modies the shape of
the existing tunnel barrier in the QPC. Assuming sharp
potentials, we obtain
δT ≈ −2δA
A
T (1− T ), (43)
where δA =
∫
δV (X)dX and A =
∫
V (X)dX = ~2b/m∗.
In deriving Eq. (43), we assumed that δA ≪ A. Ad-
ditionally, we assumed that both potentials δV (X) and
V (X) are sharp enough to be replaed by δ-potentials.
Redening a¯ suh that δA = a¯δV (0), we quantify the
latter assumption as a¯≪ 1/b, where b is the strength of
V (X) in Eq. (26). Note that for this regime the sreening
is ruial, beause δA→∞ for λsc →∞.
V. SPIN RELAXATION TIME
A. k-independent ase
Next we use the eetive Hamiltonian (21) with
Eqs. (22), (23) and (34) to alulate the spin relaxation
time T1 of the eletron spin on the dot in lowest order
in δB. In the Born-Markov approximation,39 the spin
relaxation rate is given by
18 Γ1 ≡ 1/T1 = ninjΓrij , where
6n = B/B is the unit vetor along the applied magneti
eld, Γrij is the spin relaxation tensor, and we imply sum-
mation over repeating indies. To evaluate T1, it is on-
venient to use the following expression, obtained after
regrouping terms in Ref. 18,
1
T1
= J +ii (ωZ)− ninjJ +ij (ωZ)− ǫkijnkJ−ij (ωZ), (44)
where ǫijk is the antisymmetri tensor and ωZ = |EZ |/~
is the Zeeman frequeny. J ±ij (ωZ) are Fourier trans-
forms of antiommutators of the utuating elds (with
〈δB(t)〉 = 0)
J +ij (w) =
g2µ2B
4~2
∫ +∞
−∞
〈{δBi(0), δBj(t)}〉 cos(wt)dt, J −ij (w) =
g2µ2B
4~2
∫ +∞
−∞
〈{δBi(0), δBj(t)}〉 sin(wt)dt, (45)
whih are evaluated in Eq. (44) at the Zeeman frequeny
ωZ . Here and below, 〈C〉 ≡ Tr(ρLρRC) where ρL (ρR)
refers to the grand-anonial density matrix of the left
(right) lead at the hemial potential µL (µR), and Tr
is the trae over the leads. In our partiular ase, the
seond and third terms in Eq. (44) vanish. The reason
for vanishing of the seond term is the transverse nature
of δB(t) in Eq. (22), i.e. niδBi(t) = 0. The third term
vanishes beause eah of the εll′ in Eq. (34) is either real
or imaginary. The time dependene of the antiommu-
tators of utuating elds at zero temperature, together
with their Fourier transforms (at nite temperature T )
are given by the following expressions
〈{δBi(0), δBj(t)}〉 ∝ A(t)
t2
, (46)
J +ij (w) ∝ E2ZS(~w), ∆µ = 0, (47)
S(x) = x coth(x/2kBT ), (48)
where A(t) is an osillatory funtion of t with period ∆µ
and S(~w) is the spetral funtion of the QPC whih is
linear in frequeny at zero temperature. This time behav-
ior shows that the QPC leads behave like an Ohmi bath.
This Ohmi behavior results from bosoni-like partile-
hole exitations in the QPC leads, possessing a density of
states that is linear in frequeny lose to the Fermi sur-
fae. In the spin-boson model, having an Ohmi bath is
sometimes problemati and needs areful study beause
of the non-Markovian eets of the bath.
40
However, we
nd that the Born-Markov approximation is still appli-
able sine the non-Markovian orretions are not impor-
tant in our ase, due to the smallness of the spin-orbit
interation.
43
For the utuating eld δB(t), we use the Born-
Markov approximation
39
and obtain from Eqs. (44) and
(45) the spin relaxation rate
1
T1
= 4π~ν2 (MLL +MRR)S(EZ)
+4π~ν2MLR [S(EZ +∆µ) + S(EZ −∆µ)] , (49)
where ν = 1/2π~vF is the density of states per spin and
mode in the leads and the oeients Mll′ read
Mll′ = ω
ll′ · ωl′l −
(
n · ωll′
)(
n · ωl′l
)
, (50)
ωll
′
= Ωll
′
1 + n×Ωll
′
2 ,
Ω
ll′
1 =
e~γ1EZ
m∗
(
λ−1− ε
ll′
y′ , λ
−1
+ ε
ll′
x′ , 0
)
,
Ω
ll′
2 =
e~γ2EZ
m∗
(
−λ−1− εll
′
x′ , λ
−1
+ ε
ll′
y′ , 0
)
,
where Ω
ll′
i (i = 1, 2 and l, l
′ = L,R) are matrix elements
of the operatorsΩi with respet to the leads. In addition,
in deriving Eq. (49) we assumed T,∆µ≪ EF . Note that,
if the transmission oeient of the QPC is zero or one
(T = 0, 1), then Eq. (49) redues to
1
T1
= 4π~ν2(MLL +MRR)EZ , T ≪ EZ . (51)
On the other hand, the equilibrium part of the relaxation
time is obtained by assuming ∆µ = 0,
1
T1
= 4π~ν2(MLL +MRR + 2MLR)EZ , T ≪ EZ . (52)
Therefore, even with zero (or one) transmission oe-
ient or in the absene of the bias, the spin deay rate
is non-zero due to the equilibrium harge utuations in
the leads.
Another ase of interest is the large bias regime EZ ≪
∆µ ≪ ~ω0, whih simply means that only the seond
term in Eq. (49) appreiably ontributes to the relax-
ation rate. Therefore, the non-equilibrium part of Eq.
(49) is given by
1
T1
≈ 8π~ν2MLR∆µ, EZ , T ≪ |∆µ± EZ | ≪ ~ω0. (53)
To estimate the relaxation time, we use typial exper-
imental parameters for GaAs quantum dots (see, e.g.,
Ref. 12). We onsider an in-plane magneti eldB whih
leads to Ω2 = 0 (γ2 = 0) and, for simpliity, assume that
B is direted along one of the spin-orbit axes (say x′
7TABLE I: Equilibrium (∆µ = 0) relaxation time T1 (ms) with B along x
′
(see Fig. 1).
T1 (B = 14 T ) T1 (B = 10 T ) T1 (B = 8 T ) T1 (B = 6 T ) θ T
0.9 2.77 5.64 13.78 0 0
1.85 5.57 11.3 27.57 0 0.5
∞ ∞ ∞ ∞ 0 1
0.1 0.32 0.66 1.62 pi/4 0
0.1 0.33 0.68 1.67 pi/4 0.5
0.11 0.34 0.7 1.72 pi/4 1
0.06 0.17 0.35 0.86 pi/2 0
0.06 0.17 0.35 0.86 pi/2 0.5
0.06 0.17 0.35 0.86 pi/2 1
TABLE II: Non-equilibrium (EZ ≪ ∆µ = 1 meV) relaxation time T1 (ms) with B along x
′
(see Fig. 1).
T1 (B = 14 T ) T1 (B = 10 T ) T1 (B = 8 T ) T1 (B = 6 T ) θ T
0.9 2.77 5.64 13.78 0 0
0.95 2.25 3.8 7.32 0 0.5
∞ ∞ ∞ ∞ 0 1
0.1 0.32 0.66 1.62 pi/4 0
0.1 0.32 0.64 1.54 pi/4 0.5
0.11 0.34 0.7 1.72 pi/4 1
0.06 0.17 0.35 0.86 pi/2 0
0.06 0.17 0.35 0.86 pi/2 0.5
0.06 0.17 0.35 0.86 pi/2 1
see Fig. 1). In this speial ase we obtain the following
expression for k−1F ≪ λsc ≪ a (ase (ii) of Se. IVA),
MLR ≃ e
4
~
2
m∗2κ2
λ4sc
λ2+a
6
E2Z cos
2 θ
(~2ω20 − E2Z)2
T (1− T ), (54)
or equivalently, the relaxation rate is given in terms of
the QPC shot noise
1
T1
≈ 8π
2e2~4
m∗2κ2
ν2λ4sc
a6λ2+
E2Z cos
2 θ
(~2ω20 − E2Z)2
SLL, (55)
SLL =
e2∆µ
π~
T (1− T ), (56)
where SLL is the urrent shot noise in the left lead of the
QPC, and due to urrent onservation, SLL = SRR =
−SLR = −SRL.41 We note that Eq. (55) is the non-
equilibrium part of the relaxation rate. Thus, even if the
onstant equilibrium part (∼ MLL,MRR in Eq. (49)) is
of omparable magnitude, the non-equilibrium part an
still be separated, owing to its bias dependene. More-
over, at low temperatures and large bias voltages, the re-
laxation rate is linear in the bias ∆µ and proportional to
the urrent shot noise in the QPC, 1/T1 ∝ T (1− T )∆µ.
The latter relation holds in ases (ii) and (iii) of Se. IVA,
whereas in ase (i) we have 1/T1 ∝ T 2∆µ.
The lifetime T1 of the quantum dot spin strongly de-
pends on the distane a to the QPC. For the regime (ii) in
Se. IVA, the non-equilibrium part of 1/T1 depends on a
as follows, 1/T1 ∝ a−6. A somewhat weaker dependene
on a ours in the regimes (i), 1/T1 ∝ a−4, and in the
regime (iii), 1/T1 ∝ a−2. On the other hand, the harge
sensitivity of the QPC sales as a−1, whih allows one to
tune the QPC into an optimal regime with redued spin
deoherene but still suient harge sensitivity.
The spin lifetime T1 strongly depends on the QPC ori-
entation on the substrate (the angle θ between the axes
x′ and X in Fig. 1). For example, in the regimes (ii)
and (iii) (with ka ≫ 1), the non-equilibrium part of the
relaxation rate vanishes at θ = π/2, for an in-plane mag-
neti eld B along x′. Analogously, in the regime (i),
both the equilibrium and the non-equilibrium parts of
the relaxation rate vanish at θ = 0, for B ‖ x′.
We summarize our results in Tables I and II, where
we have evaluated the relaxation time T1 (Eqs. (52) and
(49)) for a QPC loated at a = 200 nm away from the
enter of a GaAs quantum dot with λd ≈ 30 nm, as-
suming λsc = 100 nm, λSO = 8µm, and kF = 10
8m−1.
Here, we use oupling onstants derived for the regime
(ii) in Se. IVA.
Finally, we remark that, for a perpendiular magneti
eld (B = (0, 0, B)), we have
Mll′ = ω
ll′ · ωl′l, n = ez , (57)
and the relaxation rate an be alulated analogously.
The only dierene is that Ω2 is no longer zero and the
matrix elements Mll′ are given by more ompliated ex-
pressions.
8B. k-dependent ase
In this regime we use the k-dependent oupling on-
stants whih are given in Eqs. (35)-(37) and in Appendix
B. Using Eq. (44), the relaxation rate is given now by the
following expression
1
T1
= −ǫkijnkJ −ij (ωZ) + 4π~ν2
∑
ll′
∫
dE
∫
dE′Mll′(E,E
′)f(E)[1− f(E′)]
×{δ(E′ − E + µl′ − µl − ~ωZ) + δ(E′ − E + µl′ − µl + ~ωZ)}, (58)
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FIG. 2: Relaxation rate Γ1 = 1/T1 as a funtion of the bias
∆µ applied to the QPC for ases (ii) and (iii), see Se. IV.A.
The magneti eld B is along x′ with magnitude B = 10 T.
where f(E) = [exp(E/kBT ) + 1]
−1
is the Fermi dis-
tribution funtion and the energies are measured from
the Fermi level µl in eah lead. The matrix elements
Mll′(E,E
′) are given by Eq. (50), however, in this ase
they are k-dependent through E = ~vFk. Fig. 2 shows
the numerial results for the relaxation rate Γ1 = 1/T1 as
a funtion of the bias∆µ for an in-plane magneti eldB
of 10 T in both ases. We note that the relaxation rate in
ase (iii) is typially two orders of magnitude larger than
in ase (ii), whih underlines the important role played
by the sreening length λsc in the QPC-indued spin re-
laxation in a quantum dot.
VI. CONCLUDING REMARKS
In onlusion, we have shown that harge read-out de-
vies (e.g. a QPC harge detetor) indues spin deay
in quantum dots due to the spin-orbit interation (both
Rashba and Dresselhaus). Due to the transverse nature
of the utuating quantum eld δB(t), we found that
pure dephasing is absent and the spin deoherene time
T2 beomes twie the relaxation time T1, i.e. T2 = 2T1.
Finally, we showed that the spin deay rate is propor-
tional to the shot noise of the QPC in the regime of large
bias (∆µ ≫ EZ) and sales as a−6 (see Fig. 1). More-
over, we have shown that this rate an be minimized by
tuning ertain geometrial parameters of the setup. Our
results should also be useful for designing experimental
setups suh that the spin deoherene an be made neg-
ligibly small while harge detetion with the QPC is still
eient.
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APPENDIX A: SCHRIEFFER-WOLFF
TRANSFORMATION
To derive the expression for S, we note that applying
1
Ln
d
on ξ yields linear ombinations of momentum and
position operators. Therefore we make an ansatz for S,
like we did in Eq. (14), with
ξ1 = ((α1py′ + α2x
′)/λ−, (α˜1px′ + α˜2y
′)/λ+, 0) , (A1)
ξ2 =
(
(β1px′ + β2y
′)/λ−, (β˜1py′ + β˜2x
′)/λ+, 0
)
. (A2)
Then by inserting this ansatz into the relation
[Hd +HZ , S] = HSO, we obtain a set of algebrai equa-
tions for the oeients αi, βi, α˜i, and β˜i (i = 1, 2). We
nd that
α˜1 = α1, α˜2 = −α2, (A3)
β˜1 = −β1, β˜2 = β2, (A4)
with the oeients αi and βi given in Eqs. (17)-(20).
APPENDIX B: kDEPENDENT COUPLING
CONSTANTS, k−1
F
, λsc ≪ a
The oupling onstants εee, εoo and εee are generally
k-dependent. In the regime where k−1F , λsc ≪ a we obtain
the following relations
9εee =
e
4κa4k3
{2k3λsc(4a2 + 3λ2d − 2λ2sc) + 6kλsc cos 2(kλsc + δ)
−(3 + 4a2k2 + 3k2λ2d − 6k2λ2sc) sin 2(kλsc + δ) + (3 + 4a2k2 + 3k2λ2d) sin(2δ)}eY , (B1)
εoo =
e
4κa4k3
{2k3λsc(4a2 + 3λ2d − 2λ2sc) + 6kλsc cos(2kλsc)− (3 + 4a2k2 + 3k2λ2d − 6k2λ2sc) sin(2kλsc)}eY , (B2)
εoe =
e
8κa5k4
{(9 + 4a2k2 + 3k2λ2d − 6k4λ4sc + 6k4λ2dλ2sc + 8a2k4λ2sc) cos δ
−(9 + 4a2k2 + 3k2λ2d − 18k2λ2sc) cos(2kλsc + δ)− (9 + 4a2k2 + 3k2λ2d − 6k2λ2sc)2kλsc sin(2kλsc + δ)}eX , (B3)
with δ being the relative sattering phase. The transfor-
mation to the Left-Right basis is given by
εLL =
1
2
(εee + εoo − 2εeo cos δ), (B4)
εRR =
1
2
(εee + εoo + 2εeo cos δ), (B5)
εLR = ε
∗
RL =
1
2
(εee − εoo + 2iεeo sin δ). (B6)
Here, as before, we have assumed that ~vF∆k ≤ EZ ≪
~vFλ
−1
sc ≪ EF . Note that the oupling onstants εLR
and εRL in Eq. (B6) have both real and imaginary parts.
Therefore, the last term in Eq. (44) does not vanish in
general. Nevertheless, we nd that for an in-plane mag-
neti eld B = (Bx, By, 0) this term vanishes, beause
only a single omponent of δB(t) (namely δBz(t), see
Eq. (22)) is present for in-plane elds, whih leads to
ǫkijnkJ −ij (ωZ) = 0 (see also Eqs. (45) and (58)).
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